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Summary

The motion of a clarinet reed that is clamped to a mouthpiece and supported by a lip is simulated in the time-
domain using finite difference methods. The reed is modelled as a bar with non-uniform cross section, and is de-
scribed using a one-dimensional, fourth-order partial differential equation. The interactions with the mouthpiece
lay and the player’s lip are taken into account by incorporating conditional contact forces in the bar equation.
The model is completed by clamped-free boundary conditions for the reed. An implicit finite difference method
is used for discretising the system, and values for the physical parameters are chosen both from laboratory mea-
surements and by accurate tuning of the numerical simulations. The accuracy of the numerical system is assessed
through analysis of frequency warping effects and of resonance estimation. Finally, the mechanical properties of
the system are studied by analysing its response to external driving forces. In particular, the effects of reed curling

are investigated.

PACS no. 43.75.Pq

1. Introduction

Research in musical acoustics has so far provided consid-
erable insight in the functioning of the reed in single reed
woodwind instruments. It is well understood that the reed
behaves as a pressure controlled, inward-striking valve
that tends to close when the mouth pressure p,,, provided
by the player is larger than the pressure p inside the mouth-
piece.

The reed dimensions are small with respect to typi-
cal wavelengths in the resonator, thus pressure can be
thought of as constant along the reed internal surface; un-
der normal playing conditions, the first mode of the reed-
mouthpiece-lip system is well above the main frequency
component of the pressure difference signal that drives it;
oscillations occur mainly in the vertical direction, and as a
first approximation a single degree of freedom can be as-
sumed. Based on these considerations, many authors have
approximated the reed as a lumped second-order mechan-
ical oscillator, driven by the pressure drop between mouth
and mouthpiece.
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Backus [1] found experimentally an empirical non-
linear equation relating the airflow through the mouth-
piece slit to the pressure drop and the tip opening. Wor-
man [2] was the first to formalise a complete non-linear
theory. Such theory has been shown to account for many
distinctive features of the system, such as the existence
of a threshold blowing pressure and the occurrence of
self-sustained oscillations [2, 3], as well as mode lock-
ing in a slightly inharmonic acoustical bore [4]. Wilson
and Beavers [5] developed a theoretical analysis of op-
erating modes of a clarinet by coupling a model similar
to Worman’s with an idealised cylindrical resonator, and
showed qualitative agreement between theory and experi-
ment. Schumacher [6] coupled the same kind of model to a
realistic clarinet bore, described by its reflection function,
and was able to compute transient and steady-state oscil-
lations of the mouthpiece pressure via time-domain simu-
lations. More recent research has questioned the validity
of Backus’ empirical equation; Hirschberg and cowork-
ers [7, 8] adopted a flow model that uses the standard
Bernoulli equation, and experiments by Gilbert [9] did not
confirm Backus’ findings. Dalmont et al. [10] have pro-
vided qualitative validation of the theory in [8].

A major limitation of lumped models is that a single
degree of freedom with constant parameters can only be
assumed for oscillations at small amplitudes. At larger am-
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plitudes the reed bends against the mouthpiece lay, and the
parameters of the lumped model can no longer be assumed
constant. Furthermore, the phenomenon of reed beating
(i.e. complete closure of the reed) is usually incorporated
in the lumped model in a non-physical way, by imposing
a maximum allowed displacement for the reed tip. Also,
the dependence of the reed-mouthpiece system on the lip
embouchure is not taken into account in a lumped repre-
sentation.

A distributed representation of the reed is that of a
bar with non-uniform cross-sectional area, clamped to
the mouthpiece at one end. Additional constraints on the
reed motion are provided by the mouthpiece profile and
interaction with the lip. Stewart and Strong [11] devel-
oped a numerical model based on such a distributed de-
scription, which incorporated automatically bending and
beating phenomena. Later, Sommerfeldt and Strong [12]
used the same model for studying a player-clarinet sys-
tem where the player’s air column was also included in the
simulations. The distributed modelling approach was also
adopted by Gilbert [9] and Gazengel [13], who provided
analytical studies of reed bending in the case of simplified
geometries (wedge shaped reed, circular lay profile) and
proposed a method for designing a lumped model approx-
imation with non-constant parameters.

Distributed modelling of the reed-mouthpiece-lip sys-
tem is also the topic of this paper. The modelling princi-
ples presented here are similar to those adoptedin [11, 12],
but contain several improvements and refinements. The
fourth-order partial differential equation (PDE) describing
the reed is adapted in a such way that internal losses and
damping due to the surrounding air, as well as the physical
interaction with the mouthpiece lay and the player’s lips,
are modelled more accurately. The equations are discre-
tised using an implicit finite-difference scheme that guar-
antees unconditional stability and minimum frequency
warping in the digital domain. This numerical technique
was already used by Chaigne and Doutaut [14] for the
modelling of idiophones.

Being one-dimensional, the distributed model described
in this paper cannot account for torsional modes in the reed
oscillation. In order to simulate the presence of torsional
modes, as indicated in recent works by Ducasse [15] and
by Facchinetti et al. [16], two- or three-dimensional dis-
tributed models would be needed. This issue is not ad-
dressed here, and future research is required to investi-
gate the influence of the torsional modes on the reed-lay-
mouthpiece system. Moreover, no attempt is made here to
model the air flow in the reed channel or to simulate the
acoustical resonator. Instead attention is exclusively fo-
cused on the mechanical response of the reed-mouthpiece-
lip system. Both geometrical and mechanical parameters
are either obtained via precise measurements on real clar-
inet mouthpieces or fine-tuned via numerical simulations.

The remainder of the paper is structured as follows: sec-
tion 2 describes the main features of the continuous-time
model, including losses and reed-lay, reed-lip interactions;
details of the numerical techniques are provided in sec-
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Figure 1. Geometry of a clarinet single reed.

tion 3, while measurements of the model parameters are
presented in section 4; finally, results from numerical sim-
ulations are found in section 5.

2. The model

Section 2.1 describes the fourth-order PDE that is used
for modelling the reed as a non-uniform clamped-free bar.
Then, in section 2.2 the problem of the reed-lay, reed-lip
interactions is addressed.

2.1. Reed

The reed is modelled here as a bar with length L, uniform
width w and non-uniform thickness b(x) (see Figure 1).
It is clamped to the mouthpiece at one end (z = 0) and
free at the other one (x = L). Only flexural waves in the
vertical direction are considered, and contributions of lon-
gitudinal waves are neglected, as well as flexural waves
in the horizontal plane. If the material is homogeneous
and isotropic, then its density p and Young’s modulus YV
are constants, and the vertical displacement distribution
y(z,t) is governed by the equation
a\ &
n &) a—lg (1': t):|
Py

=) [ Ghen 0],

F(z,t) = aa_; [Yf(l') <1+

where ¢ is time and x is the horizontal position along reed
length, y(z,t) is the vertical position of the top-surface
of the reed (where ¥ = 0 when the reed is clamped on
the mouthpiece and undisturbed by lip and other forces),
S(z) denotes the cross-section, while F'(x,t) is a driving
force per unit length. The term I(x) = S(x)x?(x) is the
moment of inertia about the longitudinal axis, where «(x)
is the radius of gyration of the cross-section S(x). If a
rectangular cross-section is assumed, then S(x) = wb(x)
and k(x) = b(z)/v/12. Note that equation (1) holds
only if S(z) is a slowly varying function [17]. The co-
efficient 7 represents the magnitude of the internal vis-
coelastic losses, and yg accounts for damping of the sur-
rounding fluid. Chaigne and Doutaut [14] have shown that
these two coefficients yield a satisfactory representation
of bar losses. In particular, they found that the frequency-
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Figure 2. Geometrical parameters for the mouthpiece lay and the
lip.

dependent damping factor «(f) of the bar is fairly well
fitted by the empirical law

1
a(f) = —= = a0+ axf?, (2)
ta(f)
where ¢ is the decay time. It is shown in [14] that the aq,»
coefficients are related to 77, yp through the formulae

n= a2/27z'2 and vyp = 2ap. 3)

Finally, clamped-free boundary conditions lead to the con-
straints (see for instance [18])

v0.0="20.0=0

Py Py

—(L.t)= —=(L.t)=0. 4
dx? ) (‘31’3(‘) @)

2.2. Interaction with the mouthpiece and the lip

Besides clamping at the mouthpiece, additional constraints
on the reed motion are the support provided by the player’s
lip, and the interaction with the mouthpiece lay. A sim-
ple approach, which was adopted in [11, 12], is to model
an inelastic collision by imposing a “stop”: when a col-
lision between the reed and the lay is detected at a cer-
tain point z, the reed velocity ¢(x, t) is set to zero and the
displacement y(z, t) is kept constant as long as the reed
point tends to move into the mouthpiece. This approach
introduces artificial accelerations in the system. Imposing
a stop on a reed point means immediately adding forces
also on the neighbouring points, which are not necessarily
in contact with the mouthpiece. Since these added forces
cannot be explained or interpreted as contact, driving or
shear forces, this approach is somewhat non-physical, and
in many cases amounts to artificially affecting the acceler-
ations of the reed sections.

The lip position is specified by the pair (s, yrip) as
in Figure 2, where ;;, is the vertical position of the top
of the lip when uncompressed. It is assumed that the reed
and the lip are permanently in contact over a fixed segment
Xiip = (@rip— Liip, T1ip+ Lysp), and that there is an elastic
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lip force per unit length Fj;,(z.t) between them that is
proportional to the lip compression:

—Kl'Ail',t x € Xiip,
&M%ﬂz{ Bt )

0 otherwise,

where Ayp(z.t) = wyup — y(x,t) + b(x) indicates
lip compression and Ky, is the lip stiffness per unit
length. Equation (5) provides the simplest possible restor-
ing force, which is intended as a first-order approximation
in the case of using an artificial lip (see section 4). Note
that no lip restoring forces were modelled in [11, 12]. As
a second effect, the lip provides additional damping to the
reed. Following [12], we redefine the damping coefficient
~p as position dependent:

i+ Vi x € Xiip,
(&) = {')’ar Yiip i» ©
Yair otherwise.

Reed-lay interaction is slightly more complicated, since
the portion of reed in contact with the mouthpiece varies
over time. The lay is defined through its profile y;.,(x),
as in Figure 2 and the contact force per unit length is de-
fined as Fqy (x,t) = Fer(x, t) + Fuis(x, t), where Fy; and
Fy;s are an elastic and a dissipative component, respec-
tively. Suppose that a section dz of the reed around z is
hitting the lay, i.e. y(x,t) = Yy (). Since the collision
is nearly inelastic [11], Fy;, is chosen such that it nulli-
fies the velocity of the section during the duration At of
the collision. If At is short, from the law of impulsion we
obtain

dm(z) y(x,t) = [Fus(z, t)dz] At, @)

where dm(z) = pb(z)w dz is the mass of the reed sec-
tion. Therefore Fy;s is non-zero only during the time At
in which collision occurs. Equation (7) will be exploited in
section 3 for deriving an expression for Fy;, in the discrete
space-time domain.

The elastic term F}; is nonzero only if the reed section
is still in contact with the lay after the collision. In this
case, a linear elastic restoring force is applied, such that
F; takes the form

—Kiq Ayla (l':t) Ayla >0,
m@ﬁz{ e ’ ®

0 otherwise,
where Aypay (2, t) = y(z.t) — Yray(z). Again, note that

contact forces with the lay were not modelled in [11, 12].
In conclusion, the force F'in equation (1) is given by

F(l't) :F}ip(l't)+F}ny(l't)+Fprt(xt) (9)

where the term F,; stands for an external driving force
per unit length.
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3. Numerical formulation

3.1. Implicit #-scheme

Equation (1) has to be discretised in both time and space.
Finite-difference methods (FDM) approximate the spatial
domain with a grid of N sections (equivalently, N + 1
points), and a corresponding spatial sampling step X, =
L/N. The sampling step in time is T = f;1, where fs is
the sampling rate. In the following the notation y;* is used
to denote the value of the reed displacement ¥ at the point
x; = iX, (fori = 0...N) and at time ¢, = nTy (with
n > 0); the vector notation y™ = [y?]; will also be used.

The selection of the two parameters X, Ty is usually
imposed by stability and frequency warping criteria. Ex-
plicit FDM can be used, where discretisation of the deriva-
tives leads to an explicit dependence of y?"'l on known
quantities. It is a general result that if the PDE does not
model any damping, explicit schemes lead to a Von Neu-
mann stability condition of the form T/ X2 < ¢, where ¢
is a constant [19]. This condition takes on a slightly differ-
ent form when dissipative elements are included. Chaigne
and Doutaut have shown that the stability condition for
the numerical formulation of equation (1) with explicit
methods can be written N < Ny, (fs) i.e. the num-
ber of grid-points has an upper bound determined by the
sampling rate. Moreover, it was shown in [14] that for a
non-uniform bar modelled with equation (1) the function
Nz (fs) is roughly proportional to v/ f, for low f,, and
tends to an asymptotic limit as f, increases. Therefore,
extremely high sampling rates should be used in order to
achieve an acceptable spatial resolution, and consequently
a reasonable estimation of the first natural frequencies of
the bar.

For this reason we resort to a specific class of implicit
schemes known as the “variable-weighted implicit approx-
imation method” [19], and also referred to as #-schemes.
This method is described in the Appendix; here we recall
that it is based on time-smoothing of the spatial deriva-
tives, where the smoothing is controlled by the free pa-
rameter 0 < # < 1. For values # > 1/4 the method is
unconditionally stable, i.e. it is stable for any combination
of X, and f,.

The notation A is used for defining the approximation
of the spatial derivative term provided by the #-scheme:

o2 2\ Py .

Then the difference equation is seen to take the form

A +y)yrtt —2y? + (1 =)y
_T?
B pS;

[Fr— v A7), an
where v = ypTs/2. Note that this equation is implicit,

since the term A depends on y?“. In matrix form, the
numerical system is:

Myy"t = Moy" + M_,y"" + MpF". (12)
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The coefficients of the matrices My, Mg, M _1 and M
are found from the calculations outlined in the Appendix.
Thus, computation of ™+ requires inversion of the ma-
trix M 1, and the final numerical system has the form:

Y = Aoy + Ay ApFT, (13)

where Afg 1 5 = MflM[o,—LFj-

3.2. Computation of the contact force

The elastic lip force (F};,)™ and the elastic component
of the lay forces (F'.;)™ are easily computed directly from
equations (5) and (8), respectively. Computation of the dis-
sipative force (F ;)™ assuming an inelastic collision, is
less straightforward. As stated in section 2.2, (Fy;s)? is
non-zero only when a collision occurs, therefore one first
needs to find the sections ¢ that are colliding with the lay
at time n. To this end the next value " for the dis-
placement distribution is predicted from equation (13) us-
ing a force vector (ﬁ‘)" that contains only lip and external
forces. This gives a prediction of which sections 7 are go-
ing to collide with the mouthpiece lay using the condition

CP o ™™ > (Yray)i and ¥ < Wray)i b (14)

Moreover, those sections that are colliding with the lay
have an estimated velocity
anl -1
e

-

¢ 2T, (15

From these equations and from equation (7) an expression
for F'4;, can be derived in discrete time:

[ Zep it CP holds,
(Fais)f = Ts (16)
0 otherwise,

where m; = pb;w is the mass per unit length of the i*” sec-
tion. Note that equation (16) has been derived from equa-
tion (7) under the simplifying assumption that the reed sec-
tion is stopped within a single time step Ty, i.e. the colli-
sion time At is shorter than T}. In summary, an inelastic
collision that is anticipated to commence within a certain
sampling period T is modelled with a force Fy;, that is
constant over that period. The force value is chosen such
that the total work done over T equals the work required
to nullify the velocity.

Once (F'4)™ has been estimated, the next displace-
ment y™+! is recomputed from equation (12) using the
force vector F™ that includes lay forces. At this point
condition C7* must be re-evaluated for the displacement
y™t1, since the subset of colliding sections may a priori
have changed. In other words, reed-lay contact computa-
tion must be computed iteratively, until the evaluation of
C? converges to a stable configuration. Summarizing, at
each time step n the new displacement 3™t is computed
as described in the following pseudocode lines:
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for n>1
leis =0
for (j=1...ngs; j++)
Compute F" = Fj,, +F,, +F,,

Estimate "' = Agy"+A_jy" '+ Ap "
Evaluate condition C}" and velocities 0}
Compute F7;.
end
yn—i-l — ,gn+1
end

Empirical observations on the numerical simulations
have shown that the parameter n4;s does not affect the re-
sults significantly.

4. Measurements

In order to obtain meaningful results from the numerical
simulation of the reed-mouthpiece-lip system, it is essen-
tial to establish accurate estimates of the model parame-
ters. Not all the parameters are easily found via direct mea-
surements, therefore some of them are estimated by adjust-
ing their values while running numerical simulations until
the behaviour is similar to that observed in real systems.
Results are given in Table I, while measurement strategies
are detailed in the remainder of the section. Note that our
measurements on the reed and lay geometries differ sig-
nificantly from those reported in [11, 12].

4.1. Geometrical parameters

A clarinet mouthpiece lay has a flat part at the end con-
nected to the bore, where the reed is clamped. The remain-
ing part is curved (see Figure 2). For three mouthpieces
(namely, a Bundy, a Calteau and a Reginald Kell) we mea-
sured the total length of the lay L, the length of the flat part
L and the profile 4;,,, (). The latter was measured using a
travelling microscope and the data-points were fitted with
a fourth-order polynomial, with the additional constraints

dyn,
boy(Lo) =0 and (L) =0, (17)

in order to ensure a smooth connection to the flat part.
As shown in Figure 3a, the three mouthpieces differ sig-
nificantly in length and in curvature. The simulations de-
scribed in the following sections use the Bundy mouth-
piece data. For this mouthpiece the curved profile (in me-
ters) is

Yiay(r) = 1.6181(x—Lo)* + 1.8604(z— Lg)?
+5.5077 - 10%(x— Lo)*, (18)

for z > Lg. A plastic-coated reed was chosen instead of
a cane reed, because its mechanical properties remain ap-
proximately constant independently of humidity (see sec-
tion 4.2). In our approximation the reed is assumed to have
a rectangular cross-section, as in Figure 1. This does not
fully correspond to reality, since in real reeds the thickness

Table 1. Parameters used in the simulations. The label M refers
to parameter values established through direct measurements; C
indicates that the value has been fine-tuned via numerical simu-
lations.

Reed - (RICO plasticover, hardn. 2)

Length (free part when clamped) I = 34 - 10™*m M
Width w=13-10"°m M
Density p = 500 kg/m? M
Young’s Modulus Y = 5.6 - 10° N/m? C
Viscoelastic constant n="6.0-10""s C
Fluid damping coefficient Yair = 100571 C
Mouthpiece (Bundy)
Lay length (total) L=34-10"%m M
Lay length (flat part) Lo=9-10"%m M
Contact stiffness per unit length Kjqy = 10® N/m? C
Artificial lip (water-filled balloon)
Horizontal position Tyip = 22 - 10~%m M
Vertical position Yiip = 3.85 - 10%m C
Length of the contact segment 27y, = 9-10"%m M
Stiffness per unit length K =6.5-10°N/m*> M
Additional fluid damping Ytip = 160005~ " C

b is not constant over the width w. Therefore both the min-
imum and the maximum reed thickness were measured at
position x, and an “effective” thickness was computed un-
der the hypothesis that the curvature over w has a circular
shape. Measurements were taken at 18 points along the
reed length, and the data-points were fitted again with a
fourth-order polynomial. The thickness profile (in meters)
of the plastic reed is

b(x) = 2.2633 - 1073— 4.9483 - 10722 — 4.4442°
+2.0126 - 10%23— 2.4385 - 10%2*.  (19)

Both the measured points and the polynomial fit are shown
in Figure 3b. When mounted on the Bundy mouthpiece,
the total reed length from the clamping point to the tip is
L=34-10"°m.

The horizontal coordinate of the lip ;;;, and the length
2Ly, of the contact segment X;;, were chosen according
to typical embouchures. Values are qualitatively in agree-
ment with those used in [11, 12]. The value for the ver-
tical coordinate y;;, was not specified a priori, instead it
was chosen through numerical simulations: namely, ¥y,
was calibrated in such a way that the resulting rest tip
position yg provided in the simulations a rest tip opening
Ytay(L) —yo = 4-107*m.

4.2. Mechanical parameters

The determination of the mechanical parameters of the
reed is less straightforward than the geometrical measure-
ments.

Volume density p of the plastic reed was found by
weighing the reed and dividing the result by the reed vol-
ume as given by geometrical measurements. Taking into
account the error of the weighing machine that we used,
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Figure 3. Geometrical parameters, measurements and polyno-
mial fits; (a) three mouthpiece profiles y;q(2) and (b) reed pro-
file b(x).
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Figure 4. A picture of the experimental set-up used to deter-
mine Y, 77, and ~y,» (the label DAQ stands for Data Acquisition
Board).

the density was found to lie in the interval (459, 535)
Kg/m?, and the value p = 500 Kg/m* was arbitrarily cho-
sen.

In order to determine the reed Young’s modulus ¥ and
the damping constants 77 and -y, experiments were car-
ried out in an anechoic chamber, with the reed clamped
between two perspex plates and a thin piece of hard rub-
ber fitted in between on the curved side of the reed.

542

A schematic picture of the experimental setup is pro-
vided in Figure 4. The reed was excited with a horn
driver, and its responses were measured using an infra-red
sender/receiver system placed on the other side of the reed.
The experiment consisted of four steps.

1. The reed was simply plucked, and a rough estimation
was made of the first two resonance frequencies fq 2
via Fourier-transforming the reed response.

2. The reed was driven using a high-amplitude sinusoidal
signal at the first mode frequency (f; ~ 1.4 kHz). The
driving frequency was adjusted until the reed response
reached a maximum, then the driving amplitude 4,,,,
was measured with a microphone. The damping factor
of f; was estimated by measuring the decay pattern of
the waveform after sudden suppression of the driving
signal.

3. The reed was excited with driving frequency f» and
driving amplitude A,,,,. The second mode is very
strongly damped however, and it was found that the
amplitude of the horn driver is insufficient for fo exci-
tation that can be measured with the experimental set-
up.

4. The minimum amplitude A,,;, that is required to ex-
cite fi was measured. Taking into account the frequen-
cy-dependence of the microphone, A4,,,, — A.in Was
found to be about 32 dB. Given that the infra-red re-
ceiver system has a flat magnitude response in the fre-
quency area of interest, it follows that the response at
f1 must be at least 32 dB stronger in amplitude than
the response at fo.

These experimental results were used to determine the
reed Young’s modulus Y and the damping constants 77 and
Yair 0 three steps.

1. Since the only unknown parameter which influences
the location of f; is the Young’s modulus Y, this pa-
rameter was adjusted in numerical simulations (with-
out lip and lay interactions), until they exhibited the
proper f; value.

2. Numerical simulations showed that the difference in
amplitude between f; » depends only on 7, in accor-
dance with equations (2) and (3). Figure 5 shows this
dependence as found from the simulations. Since the
amplitude difference between the two modes has to be
at least 32 dB, the viscoelastic constant must be at least
n==6-10""s.

3. The fluid damping value +,;» was found to have ap-
proximately the same damping effect on all frequen-
cies. Again, this is in accordance with equations (2)
and (3). 7yqir Was then determined by adjusting it until
simulations exhibited the same damping behaviour at
f1 as measured in the second experimental stage.

The mechanical properties of a human lip are not eas-
ily determined, therefore we estimated the elastic constant
K}ip in equation (5) using an artificial lip set-up in the
form of a balloon filled with water. This is justified to
some extent by the fact that many authors have studied
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clarinet vibrations using artificial lips in experimental set-
ups [2, 20, 12, 21]. Several weights were placed together
with a clarinet reed on the balloon and the correspond-
ing lip compressions were measured using a travelling mi-
croscope. The stiffness per unit length K;;;, was then esti-
mated as the steepness of a linear fit to the data. The addi-
tional damping +y;;;, defined in equation (6) was chosen by
adjusting it until numerical simulations exhibited a damp-
ing behaviour similar to that observed by Worman [2], i.e.
a half power bandwidth ¢ ~ 3000 rad/s for the first mode
f1. Finally, K}, in equation (8) was chosen empirically;
its value is the highest that was observed not to lead to
instability in numerical simulations.

An accurate determination of all the mechanical and ge-
ometrical parameters is difficult, which may explain dis-
crepancies between model and experiments.

5. Simulations

Numerical approximation always introduces errors in the
simulations. This problem is addressed in section 5.1,
where optimal values for the numerical parameters are
chosen on basis of the analysis of frequency warping and
resonance estimation. Sections 5.2 and 5.3 present the
main results on the mechanical properties of the system,
obtained from numerical simulations.

5.1. Numerical parameters

The numerical distributed model developed by Stewart
and Strong [11] and Sommerfeldt and Strong [12] makes
use of a #-scheme with § = 1/2. However, Chaigne and
Doutaut [14] have shown that, for a given number of sec-
tions N and sampling rate f,, minimum frequency warp-
ing in the discrete-time system is obtained using # = 1/4.

We analysed impulse responses obtained from numeri-
cal simulations of a uniform bar (without lip and lay inter-
actions) using values for 8 between 1/4 and 1/2. For such
a uniform geometry, the resonances f; are known from
theory, and simulations confirmed that 8 = 1/4 provides
the best approximation to the theoretical values. Then im-
pulse responses of the reed were analysed by running sim-
ulations with the non-uniform thickness of equation (19)
and without lip and lay interactions. Estimation of the res-
onances through FFT analysis has shown that frequency
warping starts to be significant above the first three reso-
nances. In particular, # = 1/4 and 8 = 1/2 provide the
same estimate f; = 1405 Hz for the first resonance, while
the discrepancy in f5 estimation is less than 1%. Nonethe-
less, these results confirm that # = 1/4 minimizes fre-
quency warping effects also in the non-uniform case. This
value is therefore used in the rest of the paper.

Another important numerical parameter is N, since it
defines the spatial resolution and therefore affects the res-
onance estimation. In order to choose suitable values for
fs and N we resorted to analysis of convergence, i.e. anal-
ysis of resonance estimation in the numerical system with
respect to fs and N. Simulations were run with various

- fi

Magnitude [dB]
)
(6]

30 | S

-50 . . . .
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nlms]

Figure 5. Dependence of the amplitude of f1,2 on the viscoelastic
constant 7, as found with the numerical simulations.
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Figure 6. Analysis of convergence for f1, with f; = 200kHz.

fs and N, without lip and lay interactions. The first reso-
nance fq of the system was obtained through FFT analysis.
Higher resonances were not taken into account, since they
are strongly damped and their estimation does not affect
the system behaviour significantly.

Results are summarized in Table II: it can be noticed
that the estimated values always converge with increas-
ing N. Moreover, the columns with f; = 200 kHz and
fs = 400 kHz provide the same estimated f; values for
every N. Figure 6 shows the convergence analysis for
fs = 200kHz and varying N. Again, it can be seen that f;
converges for increasing /N. Moreover, the estimate with
N = 200 is very close to that found with N = 400, the
discrepancy being 0.2%. From these results it is concluded
that the values fs = 200 kHz and N = 200 provide suf-
ficiently accurate simulations. These values are therefore
used in the rest of the paper.

5.2. Dynamic and quasi-static simulations

Using the numerical parameters as determined in the last
section, simulations of the complete system were run both
in a dynamic and in a quasi-static manner. Dynamic sim-
ulations were obtained by driving the system with a sinu-
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Figure 7. Dynamic simulations; (a) external driving force and (b)
reed tip displacement.

soidal force per unit length (F,,;)" given by:

(Fext)" = Qmin + (W)

[r+sin@rsanTy +00)]. 0)

where ¢ is such that F.,; = 0 for n = 0. The mini-
mum and maximum amplitudes @,y s, and a,,,, were cho-
sen in such a way that reed beating could be observed.
Figure 7 shows the driving signal together with the cor-
responding tip displacement y (L, t) as obtained from the
simulations. These computed signals are qualitatively in
agreement with findings by Idogawa et al. [21] on a real
clarinet artificially blown. It is clearly seen that, due to
interaction with the lay, the reed tip can not exceed the
value v, (L) = 1.3 - 1072 m. However, the tip is not
stopped suddenly but rather gradually, and a zoom-in of
the plot in Figure 7 in fact revealed that complete closure
is not obtained. This suggests that the reed elastic proper-
ties are changing with increasing tip displacement. More
precisely, the reed stiffness per unit area K, is defined in
[2] by

Ap = K,(yr — vo). (21)
where Ap = F,.,;/w is the pressure acting on the reed

and yr,,yo are the displacement and the rest position of
the reed tip, respectively. The inverse of K, is termed reed
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Figure 8. Quasi-static simulations: (a) pressure-displacement
characteristics of the system and (b) stiffness per unit area K.

Table II. Analysis of convergence for f1, with varying fs and
N. Frequency resolution in the FFT is 1.5 Hz, the f1 values are
rounded to the nearest integer.

fs (kHz)
N X, (mm) 50 100 200 400
20 1.7 1361 1363 1364 1364
50 0.68 1387 1389 1390 1390
100 0.34 1397 1399 1401 1401
150 0.227 1400 1403 1404 1404
200 0.17 1402 1405 1405 1405
250 0.136 1403 1405 1407 1407
300 0.113 1403 1406 1407 1407
350 0.097 1404 1407 1407 1407
400 0.085 1405 1407 1408 1408

compliance by Nederveen [22]. Figure 7b thus suggests
that K, increases as y;, moves toward its maximum.
Another phenomenon which is evident from the same
plot is that ¢y, exhibits small additional oscillations when
approaching the maximum. In the next section an expla-
nation is proposed for the occurrence of such oscillations,
and quantitative results are provided about the dependence
of K, on tip displacement. However, dynamic simulations
as defined above are not suitable for studying such a de-
pendence, since the reed velocity can in principle induce
hysteresis effects on the force-tip displacement character-
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istics. Therefore, we resorted to guasi-static simulations,
defined in the following way:

1. a constant driving force (F,t)™ = ay,in is applied to
the system.

2. the computed reed displacement y™ is taken after
ng samples. The length ng is taken such that the reed
oscillations have decayed at this point.

3. the value of (F,,;)™ is increased by a small amount,
and the procedure is iterated until (Fop1)" = amaz-
This way the static displacement y" is taken for a set
of values of constant driving forces ranging from a, i,
0 Amaz-

5.3. Effects of reed curling

This section analyses the effect of reed curling up to the
mouthpiece using quasi-static simulations. Figure 8 shows
the dependence of the stiffness per unit area K, as found
from quasi-static simulations. As expected from the qual-
itative discussion in the last section, Figure 8a shows that
the elastic behaviour of the system is approximately lin-
ear for small relative displacements, and becomes increas-
ingly non-linear as the reed moves toward closure. Follow-
ing equation (21), K, is computed as the ratio between
the driving pressure and the relative tip displacement, i.e.
K, = Ap/(yr. —ya). Figure 8b shows K, versus yy,. Note
that K, is almost constant around ¥ and starts to increase
significantly around the value y, ~ 1.08- 10~ m. The ad-
ditional oscillations observed in Figure 7b occur approx-
imately in the same range. This findings suggest that the
mechanical properties of the system are changing dramat-
ically in that range.

In order to further investigate these changes, another nu-
merical experiment was carried out in which the separa-
tion point 4., (defined as the point of contact between
lay and reed which is closest to the tip) was computed
as a function of the reed tip displacement. The depen-
dence xs¢,(yr) describes the way the reed bends against
the lay, and defines the part of the reed that can move
freely during oscillation. Therefore it can be expected to
be strongly correlated to the mechanical properties of the
reed-mouthpiece system.

The separation point was first studied using quasi-static
simulations. The computed values are plotted in Figure 9a,
which shows an interesting result: the reed does not bend
in a smooth manner, instead z 4., undergoes a sudden jump
around y7, ~ 1.08 - 1073 m. This behaviour corresponds
to a reed section closer to the tip getting in contact with
the lay before the “previous” segment has fully curled up
onto the lay: Figure 9b gives a qualitative description of
this behaviour.

Secondly, the separation point was studied using dy-
namic simulations. Several simulations were run using
driving forces as in equation (20) with various f; rang-
ing from 200 Hz up to 1500 Hz. The grey dots in Figure 9a
show results obtained with f; = 200 Hz: slight hysteretic
effects can be noticed, due to the fact that the opening and

34 @
—— quasi-static ¢
32+ . . 4
a dynamic (closing) |
30 -

v dynamic (opening)

Xgep [mm]

(b)
separation
point

Figure 9. Separation point versus tip displacement; (a) quasi-
static simulations (black solid line) and dynamic simulations
with fg = 200 Hz (grey dots); (b) non-smooth reed curling.

closing paths do not coincide exactly in dynamic simula-
tions. However, the deviation from the static curve is gen-
erally small. Similar results were found for larger driving
frequencies up to 1500 Hz. The behaviour depicted in Fig-
ure 9a is qualitatively in agreement with recent experimen-
tal results by Ollivier [23].

The separation point discontinuity explains the addi-
tional oscillations in tip displacement observed when run-
ning dynamical simulations (see Figure 7b). That is, at dis-
continuity a section of the reed hits the lay as depicted in
Figure 9b, and the collision causes the free part to oscillate.
Furthermore, the frequency of these oscillations is signifi-
cantly higher than the first resonance f; of the reed. Quali-
tatively, this is explained by observing that at discontinuity
the length of the reed segment which is moving freely is
significantly smaller than the original length L.

In conclusion, the above analysis shows that quasi-static
simulations provide an accurate description of reed mo-
tion, and can be used as an approximation of dynamic sim-
ulations.

6. Conclusions

In this paper we have proposed a distributed numerical
model of the mechanical system formed by the single reed,
the mouthpiece lay and the player’s lip. In the development
of the continuous-time model, attention has been focused
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in particular on reed-lay and reed-lip interactions. Usual
approaches in literature adopt simplified descriptions (for
instance, collision of the reed with the lay is modelled by
simply imposing geometrical constraints on reed displace-
ment). Here it has been shown that these interactions can
be treated in a physically consistent manner by introducing
appropriate conditional contact forces.

Two main problems have been addressed for the accu-
rate simulation of such a continuous system, namely the
discretisation technique and the estimation of the physi-
cal parameters. As for the first issue, the finite-difference
scheme presented in section 3 yields stable numerical sim-
ulations of the fourth-order reed equation; reformulating
the lay and lip interactions in the digital domain required
additional discussion. As for physical parameters, their
values have been estimated via measurements on real in-
struments. For those parameters that are less easily estab-
lished through direct measurements (e.g. lip damping or
reed losses), a different strategy has been adopted, namely
they have been “tuned” using numerical simulations.

The accuracy of the numerical system has been quanti-
tatively assessed in section 5.1 through convergence analy-
sis. This analysis has also driven the choice of the main nu-
merical parameters, namely fs, N, #. Dynamic and quasi-
static simulations have been analysed, showing that the
behaviour of the numerical system is qualitatively in ac-
cordance with that observed in real instruments. In section
5.3 the effects of reed curling have been investigated: in-
terestingly, it was observed that the reed does not bend in
a smooth way, and that the separation point undergoes a
discontinuity during reed bending. The consequences of
this phenomenon on the system behaviour have been dis-
cussed.

However, these results hold for the specific geometry
that we have chosen, i.e. a particular reed in combina-
tion with a particular lay shape and a fixed embouchure.
Therefore, the general validity of these findings has to be
assessed through numerical experiments that use different
combinations of reed and lay geometries. Furthermore, the
results presented here are exclusively based on numerical
simulations, and comparisons with laboratory experiments
on real reed-mouthpiece-lip systems are needed. Further
research will be devoted to these issues.

The distributed model presented here may be employed
as a numerical experimental tool. For example, one could
use it to develop a lumped model approximation in which
the lumped parameters vary with reed tip displacement.
The results from such an application of the distributed
model will be presented in a sequel to this paper.
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Appendix
Al. Finite-difference scheme

For clarity, equation (1) is rewritten as

Fe,t) = pS(x) [%(m) +w%(w,t>]

2

oo [T @] @

66_; [I(x) a?;%t (@, t)] ’

and each of these derivative terms is addressed separately.
Time derivatives in equation (A1) are simply approxi-
mated using the centred difference scheme

2
-{—Ya

+nY

3y yi -y

Wity Vi —Yi A2
Fy yrt — oyn 4yt
W(l'i:tn) R i ; (A3)

The discrete operator &2, that approximates the second-
order spatial derivatives, is again defined with a centred
difference scheme. For a generic function g(x)

6_29 ~ 62
2 ~ 0.9.

where

i1 — 297 + 9
(02g)} == X; —.
s

(A4)

With this notation, the second-order derivative &%y /x>
is approximated as 42y and the third-order derivative
&Py /9220t is approximated as

8y

R R G D L
ox20t ’

(1’1', tn) ~ QTS

(AS5)

The 8-scheme approximates the fourth-order spatial deri-
vative using the following three-level time average:

& Py 2752, N0
50z |1 58] (ot ~ (1202010

0 [T + S]], (A6)
where 62[T(62y)]* can be written explicitly as

n_ Ly — 2T + L)yl

SR [1(&w)]; X4
s
(Ii—i-l + 4]—1‘ + Ii_l)yn
C A7
+ X7 (A7)
=20l + L)yl + Lyl o
+ Xél -

The last derivative in equation (A1) is again obtained using
the #-scheme. Substituting %y /dx*dt with its approxi-
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mation (A5) and applying the #-scheme (A6) yields [8]
62 (‘33y

2 [I 81’2615] (. tn)

~ 0 f, [T - 2@y asy P

Finally, extra grid-points have to be added at both ends,
in order to express the boundary conditions (4) in discrete
form. These turn out to be
(101
yg = (]: yfl = y{l
YN+1 = YN — Yn-1: (A9)
Yo = YN — AYR-1 T YR (1]

Chaigne and Doutaut [14] exemplify the stability proper- [12]
ties of this numerical scheme by applying it to the ideal bar
equation 3%y /Ot? = —a2d*y/Oz*. Their analytical study ~ [13]
shows that (/) the difference equations are unconditionally
stable for values # > 1/4 and that (2) minimum frequency
warping is achieved by minimizing . Hence, § = 1/4 is
the minimum value compatible with unconditional stabil-
1ty.

Note that Stewart and Strong [11] and Sommerfeldt and [15]
Strong [12] use a #-scheme with # = 1/2, although they
do not mention it explicitly.

(14]

[16]
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